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¶cXZ`p|XZagt[ tM[4M`Zp|XMu~V XIdM>®`Zg6![4a´p|[ LNgrXacgt[ pr[4u XIdMk¶°X`Zp|Xacgt[ grªQXZI4MWZL/pr
a[~§tMWYXgr`·aW·WZL/prcM`XI4pr[ XI4acW¶cXZ`p|XZagt[<£ HJIdaW·qpr`Xapr#gtdWZM`§|p|Xacgt[ vprWYMﬁaW®Mc
u4gGv]4LNM[~XMu ac[XZI4M¶cXZM`Ya[4XZI4Mgt`Vﬁa°XM`p|XZ]4`ZM|£
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XI4M¤gtqdXacL¯p|­q1gr`YXZªEgrag¬grª%XI4M¤a[4WYau4M` vgta[dvaudMW!!acXIkXI4M¤gtqdXZaL/prq1gr`YXZªEgrag·g|ªçpr[
a[~§tMWYXgr`¹!I4M[XIdM®vgGM¢/vaM[^XZW+grªGXI4M®q4`ZacvMçudVA[prLNavW+p|`ZM®pruprqdXZMuXg!XI4M©M[4pr`ZrMu
¶cXZ`p|XZagt[ﬀ2EWZMM+²dprLNq4MzG£Ç{/:³£
nº[ XI4acW¬tM[4M`prca«Mu WZMXµº]4q gt[4Mkvp|[.prcWZg vgt[dWZaudM`¬XI4MkgtqdXZaL/pr#qsgt`YXYªEgtacg¡grª
XI4MﬁWYL¯prc#ac[^§rMWXgt`@2EWZMM+²dprLNq4MkzG£  :³£nº[ ª;prvX©®Mﬁ!ac®WYMMﬁXIpiX¬a[ p L¯p|`Z¦rMX
!I4M`YM XZI4M q4`ZacvM udVA[prLNavW p|`ZM u4`Za°§tM[ ~V pr[ a[4WYau4M` ]4WZac[4 XZI4M M[4pr`ZrMLNM[~X
grª!¶cXZ`p|XZagt[4Wprq4q4`Yg~prvwI­çXIdMﬁWZL/pr®a[~§tMWYXgr`¬!a°XI p¡¶°X`piXagr[ WZL/prcM`XIp|[ XZI4M
M[4pr`ZtMuk¶4cX`Zp|Xacgt[ﬁsMvgrL/MW\gr[4cVp¬qpr`Xapr°V/ac[dªEgt`YL/Mu p|tM[~X a[kpr[ pr[~XavaqpiXa[d
#gt`Yu­£
nº[ vgt[4v]4WYagt[.XZI4M¡a[dacXapr!M[4pr`ZrMLNM[~Xgrª¶°X`Zp|Xacgt[4W/prq4q4`Yg~prvwI ªEgt`¯ac[4WZacu4M`YW
L/gAu4Mcac[4#sMvgtL/MW+p!qpr`Xacv]4pr`­vp|WZM©grª4gt]d`¹rM[4M`prca«piXagr[grªdq4pr`YXZa´prtac[dªEgt`YL¯p|XZagt[
!acXI
a(t) = 0
£
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[XZI4M¡grXZI4M`/Ipr[4u<\a°X¯`YML/pra[dWNXZg 1M WZMM[ acªQXI4M¡rM[4M`pr\`ZMWZ]4°Xta°§tM[ ac[
HJI4Mgt`YML {d£°Łpr°pVAW#vgt`Z`YMWZqsgt[4udW#Xgpa[4a°XaprdM[4´pr`YtMLNM[~X#grª­¶°X`piXagr[NWYMXZ]4q­£çj
qpr`YXZa´prf[dM~p|XZac§rM¯pr[dWY®M`¤XZg XZI4aWb^]4MWXagr[ aWta°§tM[¥a[ UGMvXagr[d£ﬁnËX¤WZMMLNW¤XI4p|X
XI4MJª;prvX
a(t) 6= 0
aWç`ZM´p|XZMu¬XgXI4M!`ZM´p|XZagt[dWZI4acq·1MXº#MM[XId`ZMM!¶°X`piXagr[4W'2;a :%XI4M
[p|X]d`pr¶°X`piXagr[kg|ª3XI4M >#`Zg6![4apr[LNgrXZagt[ 2
F
: 2Eaa:#XZI4M¶4cX`Zp|Xacgt[Xg/!IdavwI XZI4M
vgAM¢NvacM[~XWgrª#XZI4M¯Uﬀ pr`YM¯pru4prqdXMu 2
G
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2
H
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
MXI^]4W\prudu4`ZMWZWJXI4MacWZWZ]dMﬁfnºWJXI4M`ZMp·WZa°X]piXagr[¯!I4M`YM
a(t) 6= 0
pr[du!I4p|X!aW
XI4MJac[^XZM`Yq4`ZMXwp|XZagt[g|ª
a(t) ﬂ
H%gpr[dWY®M`fXI4acW3b^]4MWXacgt[·#MJvgt[4WZacu4M`fWXgAvw¦udVA[p|L/acvW
!I4M`YM¤XIdM¤u4`Yacª¸X\aW!ac[d¨]4M[4vMu¡~VkXZI4Ma[4WYau4M`!XZI4`Zgr]4tI¡p¬WZLNgAgrXI 2;ac[kXZI4MWYM[4WYMgrª
WYXgAvwIprWXacvu4M`Zac§|p|XZac§rMW+:\`pr[4udgtL §rp|`Za´p|4M¤pr[4uXZI4M[4graWZM¤aW tac§rM[ ~V XZI4Mgt`Yatac[pr
>#`Zg6![4apr[¡LNgrXacgt[ 2EWZMM·UGMvXagr[ﬃ/:£

MWY]4q4qsgtWZMXZIp|Xp¯WYL¯p|a[~§tMWYXZgt`gt4WYM`Y§rMW
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pgttpr`Za°XI4LNav]GXacacXºVr£+HJI4M`YMWY]4cXZWMpru/XZgXI4M ªEgtcg*!ac[4vgt[4v]4WYagt[+nËªXIdMWZL/pr
prtM[~Xu4Mvacu4MWﬁXI4p|XﬁXI4M`ZM aWﬁ[dg ac[4WZacu4M`ﬁac[.XI4M L/pr`Z¦|MXQI4M;|WZI4M MWXacL¯p|XZMW¯XZI4M
u4`Za°ª¸Xgrª©XI4M¬]4[4udM`Z°VAa[4ﬁ!acXZI XI4M¬sMWYXMWYXacL¯piXgt` 2¸XI4M¬vgt[4u4a°Xagr[pr+M³²Gq1MvXwpiXagr[(:
!acXI¤`ZMWZqsMvX+XgI4acW%ac[dªEgt`YL¯p|XZagt[<64]4acu4W%pQtMgrL/MX`Zacv >®`Zg6![4a´p|[LNgrXacgt[p|W+I4acW+;|I4M`
L/gAu4MAXgL/pi²GaLNa«M®XIdMJgt~p|`ZacXZI4LNavç]dXaca°XºVt£HJI4aWfvprv]4´piXagr[tac§rMWçpWY]41grqdXacL¯pr
q1gt`XZªEgtcag4£
HJIdMNudac1M`ZM[4vM·sMXº®MM[¥XZI4aWWY]4sgtqdXacL¯p|%qsgt`YXYªEgtacgpr[du¡XI4M¬gtqdXZaL/prgt[4M¬prWèµ
WZ]4LNa[4pr[ pr[~Xacvaq4p|Xac[4/LNgAu4MªEgt`QXZI4ML/pr`Z¦|MX!a°XI a[dWZaudM`ZW aWqd`Zgtqsgt`YXZagt[4prXg
a(t)
£m]4`XI4M`ZLNgt`ZM¤XI4Mudac1M`ZM[4vMa[¡]dXZacacXacMW\aW tac§rM[ ~V p¯b^]p|[^XZacXºVu4MqsM[4uda[4
gt[
a(t)
!I4avwIprq4qsMpr`YW/u4]dMkXZg XZI4Mkpr[~XavaqpiXa[d [p|X]d`ZMkgrª XZI4MkL/gAu4Mcac[4 2;WYMM
o\ML¯pr`Y¦ d£ëzG£ 4£
nº[kqpr`Xacv]4pr`^XI4MvprWZMvgr[4WZacu4M`YMuka[ UGMvXacgt[¬udgGMW\[dgrX!WZMML Xg¬sM`ZM´p|XZMu
!acXI¤pr[~VM[4pr`ZrMLNM[~X¹grªd¶°X`Zp|Xacgt[­£¹O M§tM`XI4MMWZWtXZI4aWLNgGudM^aWWYXZac~p `YMprWYgt[pr4cM
gt[4M¯XZg WYX]dudV L/pr`Z¦|MXW¤!I4M`YMXZI4Mac[4WZacu4M`I4prW·pr[ a[G¨]4M[dvMﬁgt[ XZI4Mﬁu4`Za°ª¸XgrªJXZI4M
]4[4u4M`ZcVAac[44£ﬁHJI4M`ZMªEgr`ZM/XZI4aWta°§tMWp [4M prq4q4`Yg~prvwI¥XZgac[4WZacu4M`L/gAu4Mac[4!I4M`ZM
a[4WXMp|uﬁgrª¹L/gAu4Mcac[4XZI4Ma[GªEgt`ZL/p|Xacgt[NacXWYM°ªgt[4MLNgGu4MW©XI4MM<MvX!grªXIdMa[4WYau4M`
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MX
B(t)
1Mfp >#`Yg6![4a´pr[LNgrXZagt[gr[¤p#¶4cXM`ZMuqd`Zgtp|4acacXºV!WZq4prvM
(Ω,F , {Ft}t≥0, P )
£
MX
{Gt}t≥0
1Mp¶cXZ`p|XZagt[ﬁWY]4vwI XZIp|X
Ft ⊆ Gt ⊆ F
ªEgt`!pr
t ≥ 0.
2Ł :
#gt[4WZacu4M`p¶[pr[4va´pr1L¯p|`Z¦rMXJ!acXZIﬁgt[4M`YaWZ¦~V¯a[~§tMWYXLNM[~X!qsgtWZWYa4aca°XºVt~!I4gtWYMqd`ZavM
S1(t)
p|XJXZaLNM
t
acWJu4MWYv`YasMuk^Vkp·WXgAvwIprWYXZavu4a°<M`ZM[~XZa´pr1Mb^]p|XZagt[kgrª¹XI4MªEgt`YL
dS(t) = S(t)
[
µ(t)dt + σ(t)d−B(t)
]
, S(0) > 0
2Â:
!I4M`YM
µ(t) = µ(t, ω)
p|[4u
σ(t) = σ(t, ω) ≥ 0
pr`ZM
Gt
µèp|uprqdXZMu­£ R gt`YMg6§tM`N®M
prWZWY]4L/MXI4p|X
σ
aW¬ªEgt`pr`Yu ac[~XMr`pr4cMkpr[4uvprtpru­£ UAa[4vM
B(t)
[4MMu.[4grXNsMp
WZMLNaL/pr`Xa[d~prM!a°XI`ZMWZqsMvXXZg
{Gt}t≥0
6XI4Mç´p|WYXac[^XZMt`Zprrac[2Â:1acWpr[ 	)	ﬃ	
WYXgAvwIprWXacvNac[~XMr`pr+XZIp|X®M/vwI4gAgtWYM¬XZg ac[~XM`Yq4`ZMX¤prWp
# #  ac[~XMr`pr3udM[4grXZMu
^V
d−B(t)
£

MNprWYWZ]4LNM¬XIp|X
µ(t)
pr[4u
σ(t)
pr`YM/WY]4vwIXI4p|X çb^]piXagr[ 2Ý:IprW¤p
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`ZacWZ¦ªE`ZMMa[~§tMWYXZL/M[^XçqsgtWYWZadaa°XºVt
!I4M`YMXZI4Mq4`ZacvM
S0(t)
p|XJXacL/M
t
aWJu4MWZv`ZasMuk~V
dS0(t) = ρ(t)S0(t)dt; S0(0) = 1
!I4M`YM
ρ(t) = ρ(t, ω)
acWfp
Gt
µèprup|qdXMu·q4`ZgAvMWZWf!I4avwI¬WZp|XacWY¶MW
E
∫ t
0
|ρ(s)|ds < +∞
ªEgt`!pr
t
£
Rkgt`ZMg*§rM`¬#Mvgt[4WZacu4M`¬p|[4grXIdM`¶°X`piXagr[
{Ht}t≥0
ªEgt`·LNgGu4Mca[4XI4Mac[dªEgt`µ
L¯p|XZagt[ grª XI4M a[~§tMWYXZgt`¯4]GX¯[4gprWZWY]4LNqdXacgt[ acW/L/pru4Mgt[ XI4M `ZM´p|XZagt[ sMXº®MM[
{Ft}t≥0, {Gt}t≥0
pr[4u
{Ht}t≥0
£
MX¬]4W·¶`ZWX¯p|u4u4`ZMWZW·XIdM p|`Z4a°X`p|tM¯acWZWZ]dMr£  MkudM¶[4MﬁXZI4MﬁWZMX/g|ªprudL/acWZWZac4M
WYX`Zp|XMtaMWfu4M¶4[4Mu/prW
Ht
µºpruprqdXZMu¬q4`YgGvMWZWYMW
p(t) = (p0(t), p1(t))
tac§Aa[dQXI4MJ[^]4L·µ
1M`ZWgrª®WZIpr`YMWI4gtcu a[ MprvwI¥prWYWZMX%WY]4vwI¥XZIp|X
p1
aWªEgr`Y#pr`Zu a[~XZMt`Zpr4M¤£Ç`£ X£
S
pr[4uvprr´pru­£ MX
p = (p0, p1)
1Mpr[kpru4LNaWYWZac4MWX`Zp|XMrVt£çHJI4MprWYWZgAva´piXMu®Mpr°XI
q4`ZgAvMWZW!aW!ta°§tM[~V
W (p)(t) = p0(t)S0(t) + p1(t)S(t).
HJI4Mq1gt`XZªEgtcag
p
acWJWpracuﬁXgN1MWYMcª´µÂ¶[pr[dva[dNa°ª
dW (p)(t) = p0(t)dS0(t) + p1(t)d
−S(t).
O grXZM XZIp|XﬁXZI4aWu4M¶[4acXZagt[?grª

WYM°ª´µË¶[p|[4vac[4 WYXZ`p|XZMrV !a°XI ªEgt`pr`Yu ac[~XMr`prcW
vgt`Y`ZMWYq1gr[4u4WXZgXI4M¯]4WZ]p|#gt[4M ·XI4acW¤vgtL/MWªE`ZgrL XZI4M¯udM¶[4a°Xacgt[grªJXZI4M¯ªEgt`p|`Zu
a[~XMt`pr­prWXI4McaLNacX®grª3o!aML¯p|[4[WZ]4LNW£
MX
U
1Mp¯]dXaca°XºVªE]4[4vXagr[¡WZ]4vwI XZIp|X
limx→+∞U(x) = +∞
£Qj WZWZ]dL/MXZIp|X
ªEgt`JWZgtLNM
x > 0
max
p∈A(x)
E(U(X (p)(T ))) < ∞
!I4M`YM
X(p)(t) = exp(−
∫ t
0
ρ(s)ds)W (p)(t)
acWkXZI4MudaWZvgt]4[~XMu ®Mpr°XI q4`YgGvMWYW
A(x) = {p; p
acW
H
µºpruprqdXZMu­
p
acWWZMcª´µÂ¶[pr[4va[4 pr[4u
W (p)(0) = x}.
UG]4q4qsgtWZM
XIp|X
p∗ = (p∗0, p
∗
1)
acW¬pr[ pr`Z4a°X`ZprtMrçXI4p|X¬aW
W (p
∗)(0) = 0
pr[4u
W (p
∗)(T ) ≥ 0
!acXI
P (W (p
∗)(T ) > 0) > 0
£fnËª¹gt[4MQvgt[4WYau4M`ZW#XZI4MWX`piXM|V
np∗
XIdM[
W (np
∗)(t) =
nW (p
∗)(t)
ªEgt`prc
t ∈ [0, T ]
£ HJI4MﬁWYXZ`p|XZMrV
p′(t) = (np∗0(t) + x, np
∗
1(t))
acWprcWZg
WZM°ª´µË¶[4pr[4vac[44
W (p
′)(0) = x

W (p
′)(T ) ≥ xS0(T )
pr[4u
W (p
′)(T ) = xS0(T ) +
nW (p
∗)(T )
pr[du gt[ﬁXZI4MWZMX
{W (p
∗)(T ) > 0}
®MIp§tMXIp|X
lim
n→+∞
U(X (p
′)(T )) = +∞
£
ñEò¹ÞñEó
 	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#.-/! }
HJI4M`YMªEgt`YM
lim
n→+∞
EU(X (p
′)(T )) = +∞
!I4avwI vgt[~X`Zpru4acvXWNXI4M I~VGqsgrXZI4MWYaW¯g|ª¶[4a°XM]dXaca°XºVt£ #gt[dWZMb^]4M[~XcV XIdM`ZM aWN[4g
pr`Z4a°X`ZprtMQac[XI4acWLNgGu4M­prWJcgt[4¬prW®XI4M]dXZacacXºVNaW#¶4[4acXZM!I4avwIﬁ!ac1sMXIdMvprWYMac[
prXIdMM²dprLNq4MWQ®Mvgt[dWZaudM`£m]4`XI4M`ZLNgt`ZM#M`ZMWX`YavXgt]4`Qqsgt`XZªEgtcagtWJXgXprLNM
q1gt`XZªEgtcagtW£ HJIp|X¬acW3®MkWZpVXI4p|XNp¡q1gr`YXZªEgrag
p
aW¤XwprLNMacª
W (p)(t) > 0
ªEgt`·prc
t ∈ [0, T ]
£  a°XI·XI4acWf`ZMWYX`YavXagr[¬®M!vpr[N[4g6.q4pr`prLNMXZ`Zac«MJgt]4`fqd`Zgt4cML ]4WZac[4XI4M
ªE`prvXagr[grª4®Mp|cXIa[~§tMWYXMu¬a[¤XZI4M`YaWZ¦~V¤prWYWZMX
pi(t) = pi(t, ω) = p1(t)S(t)/W
(p)(t)
ªEgt`Qp|
t ∈ [0, T ]
£  M¤u4M¶[dM·pr[ prudL/acWZWZac4Mqsgt`YXYªEgtacg/p|Wpr[
Ht
µºpruprqGXMuq4`ZgAvMWZW
pi
ta°§Aa[4XIdM 
 # ")	ﬁg|ª­XI4M!Xg|Xwpr4®Mpr°XI
W (t)
grªp|[prtM[~X#ac[^§rMWXMu¯a[¬XI4M\`ZacWZ¦~V
prWZWYMXJpiX#XacL/M
t
Gpr[4uWZp|XacWYª¸VAa[dWZgrL/M pru4u4a°Xacgt[prvgt[4u4a°Xagr[4WfXIp|X®!ac1M q4`ZMvaWYMu
´p|XZM`?2;WYMM¤XZI4Mu4M¶[dacXacgt[kgrª
AH
:³£HJI4MvprWZM!I4M[
Ht ⊆ Ft ⊆ Gt ⊆ F
acW\WX]4udaMu
a[
5
<U"6Ý£
HJIdM¤udVA[p|L/acvWJgrª¹XI4Mu4acWZvgt]4[~XMuk®Mpr°XIkq4`ZgAvMWZW
X(t) = Xpi(t) = exp(−
∫ t
0
ρ(s)ds)W (pi)(t)
vgt`Y`ZMWYq1gr[4u4a[d¬XZg·XI4Mqsgt`YXYªEgtacg
pi
aWXIdM[ 
dX(t) = X(t)
[
(µ(t)− ρ(t))pi(t)dt + pi(t)σ(t)d−B(t)
]
X(0) = x > 0.
2Ý{/:
HJI4aWMb^]p|Xacgt[ﬁaWhY]4WYXZac¶Mu^V¯]4WZac[4·prWJsMªEgr`ZMQXZI4Mu4M¶[4acXZagt[¯grªªEgt`Y#pr`Zuﬁac[~XMr`prcW
prWaLNacXQgrªJo!aML¯p|[4[ WZ]4LNW£ﬁP\WZac[4kXZI4M¬nËX !kªEgt`ZL]d´p¯ªEgt`ªEgt`pr`Yu¥ac[~XMr`prcW
5
<U"6Ý
#MgtdXpra[ﬁXZI4MWZgtc]dXacgt[ﬁgrª 2Ý{/:
X(pi)(T ) = x exp
{ T∫
0
((µ(t)− ρ(t))pi(t)
− 1
2
pi2(t)σ2(t))dt +
T∫
0
pi(t)σ(t)d−B(t)
}
.
Þ¹Þ ÄBâCä+D
   # & #.ﬃ ﬂ& 
	/  	+ﬂ(&  !

 M¤`ZMWX`YavX\Xg/gttpr`Za°XI4LNav]GXacacXºV/ªE]4[4vXZagt[dWpr[4u vgt[dWZaudM` XZI4M¤ªEgrg6!ac[4¬q1M`YªEgt`èµ
L¯pr[dvMv`YacXZM`Zacgt[ 
J(pi) ≡ E[ ln X (pi)(T )]− ln x =
= E
[ T∫
0
((µ(t)− ρ(t))pi(t)− 1
2
pi2(t)σ2(t))dt +
T∫
0
pi(t)σ(t)d−B(t)
]
.
2E :
 ¼  EÀ	
  ! ﬂ ﬃ")+!
AH
)+ﬃﬂ ﬂ ﬂ? 
   #.)+!+ﬂ+ﬂ!+ﬂ
pi(t)
ﬂ  ﬂ 
  	   ! 
 
   	 )+  	ﬃﬂ
pi(t)
 ﬂ),	/   
Ht
 / /   !, 
pi(t)
 ﬂ!ªEgr`Y#pr`Zuka[~XMt`p|4M  # 
Y (t) :=
∫ t
0
σ(s)d−B(s)
2Ýz:
E[
∣∣∣ T∫
0
pi(t)d−Y (t)
∣∣∣] + E[ T∫
0
(|µ(t)− ρ(t)|.|pi(t)|+ σ2(t)pi2(t))dt] < ∞.
HJI4M¬tg~pr3acWXgﬁ¶[4u XI4M¬gtqGXaL/pr%q1gt`XZªEgtcag
pi∗ ∈ AH
ªEgt`XI4M¬cgt~pr`YacXIdL/acv¤]dXZacacXºV
q1gt`XZªEgtcag¤q4`ZgtdML
sup
pi∈AH
Ex[ln(X(pi)(T ))] = Ex[ln(X(pi
∗)(T ))].
2 /:
 
ﬂ+¤"©ﬀﬂ+  ﬁﬀ  ﬁ
   ﬂ¹ |
nº[ XZI4aWQWZMvXacgt[ #M¬ta°§tM¬pXI4Mgt`ZMLTXZIp|XvwIpr`ZprvXZM`Ya«MWgtqdXacL¯p|%qsgt`YXYªEgtacgtW£HJI4acW
XI4Mgt`ZML !ac1sM]4WYMua[prc1M³²dprL/qdMWXZg·u4MXZM`YL/ac[4MQXI4p|XXIdMq4`ZgtqsgtWYMuq1gr`YXZªEgrag
aWJgtqdXZaL/prÂ£
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  ! 
   	ﬂ+ﬂ!# 	ﬃﬂ?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 ! 
2;a:   !#+! !  ﬂ ﬂ    
  #  

pi∗ ∈ AH

#"!'#+$#  !
 2 /:
2;aa :%  !#+! !  ﬂ ﬂ
pi∗ ∈ AH
ﬂ&() @ ﬃ'  !  #.)+!+ﬂ+ﬂ
Mpi∗(t) := E
[ t∫
0
(µ(s)− ρ(s)− σ2(s)pi∗(s))ds +
t∫
0
σ(s)d−B(s)|Ht
]
2Ý}:
ñEò¹ÞñEó
 	

	ﬀﬁﬃﬂ "!#$%'&(!*)+!, 
#.-/! 
 ﬂ?
Ht
 
# 		/ !   # 
P 
2;aaca:   !#.!=!  ﬂﬂ
pi∗ ∈ AH
ﬂ& ) @ ﬃ 
# 
t, ω
3  ! 
 &"*)	
s 7→ E[
∫ s
0
σ(u)d−B(u)|Ht] ; s > t
 ﬂ?#ﬂ&  ! )+ 	 & & ﬂ   
d
ds
E[
∫ s
0
σ(u)d−B(u)|Ht] = −E
[
µ(s)− ρ(s)− σ2(s)pi∗(s)|Ht] ;

s > t
2;/:
	
 2;a :
⇒
2Eaa: fUG]dq4q1grWZM 2;a:©I4gtudW£©UGac[4vM
pi∗ ∈ AH
aWJgtqGXaL/prÝA®M¤I4p6§rM
J(pi∗) ≥ J(pi∗ + rβ)
ªEgt`!pr
β ∈ AH
pr[4u
r ∈ R
£fHJI4M`ZMªEgt`ZM
d
dr
J(pi∗ + rβ)
∣∣∣
r=0
= 0.
HJI4aWJta°§tMW
E
[ T∫
0
{µ(t)− ρ(t)− σ2(t)pi∗(t)}β(t)dt +
T∫
0
β(t)(σ(t)d−B(t))
]
= 0
2;/:
ªEgt`!pr
β ∈ AH
£©nº[kqpr`Xacv]4pr`dprq4q4°VGac[4XIdaWXg
β(u) = β0(t)1[t,s](u)
ªEgt`
0 ≤ t < s ≤ T

u ∈ [t, s]
	!I4M`ZM
β0(t)
aW
Ht
µºLNMprWY]4`prdMr	sgt]4[4udMu­1WZLNgGgrXZI
pr[4uWp|XZaW¶MW
Ds+β(t) = Dsβ(t)
pG£ëpd£
s ∈ [0, T ]
G#MgtdXpra[
E
[
(
s∫
t
{µ(u)− ρ(u)− σ2(u)pi∗(u)}du +
∫ s
t
σ(u)d−B(u))β0(t)
]
= 0.
2èŁ6/:
UGa[4vMXI4acW!I4gtudWªEgt`!pr1WZ]4vwI
β0(t)
®Mvgt[4v]4udMXZIp|X
E
[
(
s∫
t
{µ(u)− ρ(u)− σ2(u)pi∗(u)}du +
∫ s
t
σ(u)d−B(u))|Ht
]
= 0.
2èŁtŁ :
Þ¹Þ ÄBâCä+D
Ł6   # & #.ﬃ ﬂ& 
	/  	+ﬂ(&  !

HJI4aWJacW\Mb^]4ac§|prcM[~XJXg¬WpVAa[dNXZIp|XJXIdMqd`ZgAvMWYW
Kpi∗(t) :=
t∫
0
{µ(u)− ρ(u)− σ2(u)pi∗(u)}du +
∫ t
0
σ(u)d−B(u)
Wp|XZaWY¶4MW
E[Kpi∗(s)|Ht] = E[Kpi∗(t)|Ht]
ªEgr`!pr
s ≥ t.
2èŁ*:
m	`YgtL XZI4aW®MtMXdªEgt`
s ≥ t
E[Mpi∗(s)|Ht] = E[E[Kpi∗(s)|Hs]|Ht] = E[Kpi∗(s)|Ht] = E[Kpi∗(t)|Ht] = Mpi∗(t),
!I4avwIkaW 2Eaa:³£
2Eaa :
⇒
2Eaaca: +UG]4qdq1gtWYM 2Eaa :©I4gtcu4W£çHJI4M[­4ªEgt`
s ≥ t

E[Kpi∗(s)|Ht] = E[E[Kpi∗(s)|Hs]|Ht] = E[Mpi∗(s)|Ht] = Mpi∗(t) = E[Kpi∗(t)|Ht].
l M[dvM 2Ł*:©µ®p|[4uﬁXI4M[prcWZg2ŁrŁ :©µ©I4gtcu4W£fj [4u 2èŁtŁ :#vMp|`ZcV/aLNq4caMW 2;acaa:³£
2Eaaca:
⇒
2;a : çUA]4q4qsgtWZM 2;acaa:fI4gtcu4W£
HJIdM[.ac[^XZMt`Zp|Xac[4 2Ý/:³®®MtMXﬁ2èŁtŁ :w#!I4acvwI.pr~p|a[ aLNq4acMW 2èŁ6/:w£ >®V Xwpr¦^ac[4
a[dMpr`vgrL4a[4p|Xacgt[grª 2èŁ6/:%#MgrdXwprac[XI4p|X 2;/:Idgtu4WªEgt`p|
β ∈ AH
grªXZI4M
ªEgt`ZL
β(u) = ΣNi=1βi(ti)1(ti,ti+1](u)
!I4M`YM
0 = t0 < t1 < . . . < tN+1 = T

∆i = ti+1 − ti
 p|[4u
βi(ti)
aW
Hti
µ
L/MprWZ]4`Zpr4cMr4sgt]4[4udMu­	WZLNgAgrXIkpr[4ukWpiXaW¶MW
Ds+βi(t) = Dsβi(t)
pG£ëpd£
s ∈ [0, T ]
£
>®V 2Âz:³d®M¤Ip§rMªEgt`!p|
β ∈ AH
T∫
0
β(t)(σ(t)d−B(t)) =
T∫
0
β(t)d−Y (t) = lim
∆i→0
ΣNi=1β(ti)
ti+1∫
ti
σ(s)d−B(s),
pr[4uI4M[dvM 2Ý/:#I4gru4WJªEgt`!prc
β ∈ AH
£
HJIdaWL/Mpr[4WXZIp|XXIdMNuda`ZMvXZagt[p|+u4M`Zac§|p|XZac§rM·grª
J
p|X
pi∗
!a°XI `ZMWZqsMvXXZgXZI4M
u4a`YMvXZagt[
β
4udM[4grXZMu ^V
DβJ(pi
∗)
aW
0
aÂ£ Mr£
DβJ(pi
∗) := lim
r→0
J(pi∗ + rβ)− J(pi∗)
r
= 0 ; β ∈ AH.
2Ł{/:
ñEò¹ÞñEó
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#.-/! ŁtŁ
O grXZMXIp|X
J : AH → R
aWJvgr[4vp§tM|	a[ﬁXI4MWYM[4WYMXZIp|X
J(λα + (1− λ)β) ≥ λJ(α) + (1− λ)J(β); λ ∈ [0, 1], α, β ∈ AH.
HJI4M`YMªEgt`YMr4ªEgt`!prc
α, β ∈ AH
pr[4u
ε ∈ (0, 1)
G#MIp§tM
J(α + εβ)− J(α) = J((1− ε)
α
1− ε
+ εβ)− J(α)
≥ (1− ε)J(
α
1− ε
) + εJ(β)− J(α)
= J(
α
1− ε
)− J(α) + ε(J(β)− J(
α
1− ε
)).
2Ł :
O g64!acXZI 1
1− ε
= 1 + η
#MIp§tM
lim
ε→0
1
ε
(J(
α
1− ε
)− J(α)) = lim
η→0
1 + η
η
(J(α + ηα)− J(α)) = DαJ(α).
#gtL4ac[4a[4XZI4aW!a°XI 2Ł :®#MtMX
DβJ(α) = lim
ε→0
1
ε
(J(α + εβ)− J(α)) ≥ DαJ(α) + J(β)− J(α).

Mvgr[4vc]4u4MXIpiX
J(β)− J(α) ≤ DβJ(α)−DαJ(α) ; α, β ∈ AH.
nº[¯qpr`Xacv]4pr`^prqdq4cVAa[dXZI4aWçXg
α = pi∗
p|[4u]4WYa[4XIpiX
DβJ(pi
∗) = 0
~V 2Ł6{:^#M
tMX
J(β)− J(pi∗) ≤ 0
ªEgt`!p|
β ∈ AH,
!I4avwIkq4`Zg6§rMW!XIp|X
pi∗
acWJgtqdXacL¯p|Â£
2
P\WZac[4¯XIdaW\vwIpr`p|vXM`Zac«p|XZagt[kXI4Mgt`ZMLTac[ 2;acaa :#gt[4Mvpr[ prcWZg¯rac§tMp¯vcgtWZMuªEgt`èµ
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pi∗ ∈ AH
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pi∗(t)E[σ2(t)|Ht] = E[(µ(t)− ρ(t))|Ht] + a(t).
2èŁ*z:
  !#+!
a(t) ≡ lim
h→0+
1
h
E[
∫ t+h
t
σ(s)d−B(s)|Ht].
2Ł /:
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a(t)
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Gt+δ ⊆ Ht

δ > 0
=  !  
 ﬂ ),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a(t)
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1
h
E[
∫ t+h
t
σ(s)d−B(s)|Ht] =
1
h
∫ t+h
t
σ(s)d−B(s)

#
h ≤ δ.
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Ht = Ft+δ

a(t)
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δ
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D
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f : [0, T ]× Ω → R
 ﬂ  -/#.     !	# 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Dt+f(t) := lim
s→t+
Dsf(t)
!  ﬂ ﬂ 
#?
t ∈ [0, T ]
  
T∫
0
|Dt+f(t)|dt < ∞.
  !
E
[ T∫
0
f(t)d−B(t)
]
= E
[ T∫
0
Dt+f(t)dt
]
,
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σ(t) 6= 0

#ﬁ
(t, ω)
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pi∗ ∈ AH
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f : s 7→ pi∗(s)σ(s)
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J(pi∗) =E
[ ∫ T
0
{1
2
E[µ(s)− ρ(s)|Hs]2
E[σ2(s)|Hs]
−
1
2
a(s)2
E[σ2(s)|Hs]
+ Ds+
(
σ(s)
E[µ(s)− ρ(s)|Hs] + a(s)
E[σ2(s)|Hs]
) }
ds
]
.
2Ł6}:
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 m`ZgtL 2Ł6z:®#MIp§rM
pi∗(t) =
E[ν(t)|Ht] + a(t)
E[σ2(t)|Ht]
2Ł/:
!I4M`YM®MIp§tMWZMX
ν(s) = µ(s)− ρ(s)
£©eçc]4ttac[42Ł6:#a[~Xg@2E :®#MgtdXpra[
J(pi∗) =E
[ ∫ T
0
{
ν(s)(
E[ν(s)|Hs] + a(s)
E[σ2(s)|Hs]
)−
σ2(s)
2
[
E[ν(s)|Hs] + a(s)
E[σ2(s)|Hs]
]2}
ds
+
∫ T
0
σ(s)
[
E[ν(s)|Hs] + a(s)
E[σ2(s)|Hs]
]
d−B(s)
]
.
O g6 ®M]4WZMXIpiX
E
[
ν(s)E[ν(s)|Hs]] = E[E[ν(s)|Hs]2
]
,
pr[4u
a(s)
aW
Hs
µºLNMprWY]4`p|4M
0 ≤ s ≤ T
dWZg¬XIp|X
E [ν(s)a(s)] = E [ν(s)E[a(s)|Hs]] = E [E[ν(s)|Hs]a(s)] .
R gt`ZMg6§tM`
E
[
σ2(s)
E[σ2(s)|Hs]
]
= 1
pr[4u~V ML/L/p4£°Ł
E
[∫ T
0
σ(s)
E[ν(s)|Hs] + a(s)
E[σ(s)2|Hs]
d−B(s)
]
= E
[∫ T
0
Ds+
(
σ(s)
E[ν(s)|Hs] + a(s)
E[σ(s)2|Hs]
)
ds
]
.
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Ht ⊆ Ft
  
Ft = Gt

  !ﬀ  !ﬃ$ﬃ!
d
ds
E[
∫ s
0
σ(u)d−B(u)|Ht] = 0, s > t.
 ﬃ  ﬂ 
a(t) = 0
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pi∗
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pi∗(t) =
E[µ(t)− ρ(t)|Ht]
E[σ2(t)|Ht]
,
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J(pi∗) =
1
2
E
[ ∫ T
0
E[µ(s)− ρ(s)|Hs]2
E[σ2(s)|Hs]
ds
]
.
HJIdaW¡`YMWZ]dcXªEgrg6!W u4a`YMvXZcV?ªE`ZgrL HJIdMgt`YML {G£cŁ 2Eaaca:£ [4M WYMX grª¬vgt[4u4aõµ
Xagr[4WXIpiXprWZWY]4`ZMWXZIp|X
pi∗ ∈ AH
acWXIp|X
µ
pr[du
ρ
pr`ZM·]d[4acªEgt`YL/°Vsgt]4[du4Mu¥pr[4u
|σ(t)| ≥ c > 0
ªEgt`!p|
(t, ω)
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Ht ⊆ Ft ⊆ Gt
  #.!+ ﬃ!# ﬂ&   ﬂ!  ﬃ
σ
 ﬂ  -/#.     !	# #  !   !
pi∗(t) =
E[µ(t)− ρ(t) + Dt+σ(t)|Ht]
E[σ2(t)|Ht]
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Dt+σ(t)
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J(pi∗) =
1
2
E
[ ∫ T
0
{E[µ(s)− ρ(s)|Hs]2
E[σ2(s)|Hs]
−
1
2
a(s)2
E[σ2(s)|Hs]
}
ds
]
  !#+!
a(s) = E[Ds+σ(s)|Hs]

	
 MX
M
sMp·WZLNgGgrXZI
Ht
µºLNMprWY]4`p|4M`Zpr[4u4grL §|pr`Zapr4cMr£3HJI4M[
E
[
M.
∫ t+h
t
σ(s)d−B(s)
]
= E
[ ∫ t+h
t
Mσ(s)d−B(s)
]
= E
[ ∫ t+h
t
Ds+(Mσ(s))ds
]
= E
[ ∫ t+h
t
MDs+σ(s)ds
]
= E
[
M
∫ t+h
t
Ds+σ(s)ds
]
.
HJI4aWJq4`Yg6§tMW\XIpiX
E
[ ∫ t+h
t
σ(s)d−B(s)|Ht
]
= E
[ ∫ t+h
t
Ds+σ(s)ds|Ht
]
.
l M[dvM
a(t) ≡ lim
h→0+
1
h
E
[ ∫ t+h
t
σ(s)d−B(s)|Ht
]
= E[Dt+σ(t)|Ht]. 2
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Gt = Ft ∨ σ(BT )
p|[4u
Ht = Gt
£ #gt[4WYau4M`pr[¡ac[4WZacu4M`!!I4gﬁvpr[¡a[G¨]4M[dvM
XI4MprWYWZMX\q4`YavMW!a[ﬁXIdMªEgrg6!ac[4#p6V
dSt = (µ +
BT −Bt
T − t
)Stdt + σStdB˜t, t ∈ [0, T
′], T ′ < T
!I4M`YM
B˜t = Bt −
∫ t
0
BT−Bt
T−t
dt
acW p
Gt
µ >#`Yg6![4a´pr[LNgrXacgt[­
µ
pr[4u
σ
pr`YMvgt[4WXwpr[~XZW
pr[4u
Bt
acW!p
Ft
µ >#`Zg6![4apr[L/g|Xagr[­£
O\grXM©XIpiX3a[XI4acW%vprWZM
Ht " Ft
pr[4u
B˜
aW¹[4grX3p
Ft
µ >#`Yg*![da´pr[¤L/grXZagt[¤pr[4u¤XI^]4W
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grª+vgt[~Xac[A]da[4Na[ﬁXIdaWJpVr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XI4MM[d´pr`YtMLNM[~X\grª+¶4cX`Zp|Xacgt[prq4qd`Zg~prvwI¶4XZW ac[^XZgNXZI4aWJqd`ZgtqsgtWZa°Xacgt[­£ #gt[4WYau4M`!XZI4M
ªEgtcg*!ac[4LNgGudM
dSt = (µ +
BT −Bt
T − t
)Stdt + σStdB˜t,
2Ł/:
!I4M`YM
B˜
aW¬p|[
Ft := F
B
t ∨ σ(BT )
µ >#`Zg6![4apr[ LNgrXacgt[ pr[4u
FB
WYXpr[4u4W·ªEgt`XZI4M
¶cXZ`p|XZagt[ktM[dM`piXMu ~VkXI4M >#`Yg6![4a´pr[L/grXZagt[
B
£m]4`XI4M`ZLNgt`ZM|<MX
Gt = F
B
t ∨
σ(BT )
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
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Ht = F
B
t ∨σ(BT )
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F = G = H
! ﬃ$ﬃ!
a(t) = lim
h→0+
1
h
σE[B˜t+h − B˜t|Ht] = 0.
  !=  	
  ) 
#   ! ﬃﬂ "!#$ ﬂ
pi∗(t) =
1
σ2
(µ− ρ(t) +
BT − Bt
T − t
).
!ﬃ$ﬃ!
E ln(Xpi
∗
)(T ′) =
1
2σ2
E
∫ T ′
0
(µ−ρ(t)+
BT −Bt
T − t
)2dt ∼ ln
√
1
T ′ − T
  !
T ′ → T
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lim
T ′→T
E ln(Xpi
∗
)(T ′) = ∞.
 " ﬂ  ﬂ   !  ! -*  #.!+ﬂ&"7 
  #  ﬂ  !  -/ ﬃ ﬂ+-   !    ! 	"!*!#  ),ﬂ!
H ⊂
G
),ﬀ ﬂ #!)+ﬃﬂ "!#.!, ﬂ
# $
ñEò¹ÞñEó
 	

	ﬀﬁﬃﬂ "!#$%'&(!*)+!, 
#.-/! Ł*}
  	 ¼

 	   ! ),ﬂ!  
  ﬂ
  ﬃ!+ﬂ #   !
Ht = F
B
t
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a(t) = lim
h→0+
1
h
σE[B˜t+h − B˜t|Ft] = 0.

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ρ(t) ≡ ρ

pi∗(t) =
µ− ρ
σ2
    !  
 &"	  ﬂ
J(pi∗) =
(µ− ρ)2T
2σ2
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dSt = (µ + Xt)Stdt + σStd
−Bt,
  !#+!
(Xt, t ≥ 0)
 ﬂ 
FT
 
 !,ﬂ& # #  !  #.)+!+ﬂ+ﬂ   
Bt
 ﬂ 
Ft
  #.    
 
(&   ﬂ!
Ht ⊂ Ft
   !
a(t) = 0
'    !=  
  # 
  ﬂ
pi∗(t) =
E[µ + Xt − ρ(t)|Ht]
σ2
.
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j ªE]4`XI4M`!tM[4M`prca«p|Xacgt[¯XgNpr[~VﬁM[4´p|`ZtML/M[^X!g|ª%¶°X`Zp|Xacgt[aWXZI4MªEgtcg6!a[44£


À

À



;À
 


ﬃﬂ "!#$  ! 
   	
   "!
dSt = µ(t)Stdt + σStdB(t)
  !#+!
σ
 ﬂ )+ﬃﬂ   
µ(t)
 ﬂ
Gt
 / /   !, 
B
 ﬂ 
F
  #.    
 ﬀ
F ⊆ G
  
H
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Bt = B˜t+
∫ t
0
β(s)ds
  !#.!
B˜t
 ﬂ 
Ht
  #.   

 	   
β
 ﬂ 
H
 / /   !, ),/ ﬃ	  #.)+!+ﬂ+ﬂ   
∫ T
0
|β(s)|ds < ∞
   !
a(t)
 "! 3*!,  2Ł/:=!  ﬂ ﬂ    ! ﬃ$ﬃ! a(t)
σ
= β(t)
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HJIdaWNq4`ZgtqsgtWYacXacgt[ ªEgtcg6!W·]4WZac[4 XI4Mu4M¶[4acXZagt[ grª
a(t)
pr[4u q4`Zg6§AaudMW/p ¶`YWYX
 M²dprLNq4cM Q!I4M[
a(t) 6= 0
£JO M§tM`YXIdMMWZW1®Mpr`YM[dgrXp#pr`ZMgrª3pr[~V M³²Gq4acvacX!vprWZM
grªJa[dacXapr+M[4´p|`ZtML/M[^X¤grª®¶cXZ`p|XZagt[ !I4M`ZMﬁef`Zgrq1gtWYacXZagt[¥zG£  vpr[sMprqdq4acMu¥pr[4u
XIp|X¬vpr[ [4grX¬sMﬁªE`prLNMu ac[^XZg eç`YgtqsgtWZa°Xagr[ zG£ë p|WNac[ +²4p|L/q4cMkzG£Ç{d£ 2Ýmgt`·LNgt`YM
gt[¡XI4acW­WYMM·[4M³²AXWZMvXacgt[(:£nº[¡XIdaWca[4M|1®M·M[4u ]4q¡XZI4aWWYMvXagr[¡!acXI p`YML/pr`Z¦
q1gtac[~Xa[dXg6#pr`Zu4W p·vgt[~§rM`ZWYMWXwp|XZMLNM[~X£
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a(t)
 ﬂ #   )    !+ﬂ!   = ﬂ+ﬂ& !+ﬂ 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σ
 ﬂ=)+ﬃﬂ      !
E[Bt|Ht]
 ﬂ 
H
ﬂ!

# 		/ !   
E[Bt|Ht] = B˜t +
1
σ
∫ t
0
a(s)ds
  !#+!
B˜
 ﬂ 
H
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  =
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a(t)
nº[ XZI4aW¬WZMvXZagt[ #Mkvgr[4WZacu4M`/p ¶4`ZWYXNM³²4p|L/q4cMﬁXIp|XNu4gAMW¬[4g|XN¶dXNXZI4MªE`prLNM®gt`Z¦
grª\ef`ZgtqsgtWZa°Xacgt[ zG£ëG£ HJIp|XaWfIdM`ZM®Mﬁu4Mpr#!acXZI pr[ M³²4p|L/q4cM¯!I4M`ZM
Ht " Ft
£
HJI4M`YMªEgt`YMXZI4M`YMWZ]dcXW\grª%XI4Mq4`ZM§Aagt]4W\WZMvXZagt[ vpr[ [4grX\1M¤prq4qdaMu­£

Mvgt[4WYau4M`
p WYL¯prca[~§rMWYXZgt`kprvXZa[4 a[ p L¯p|`Z¦rMXka[d¨]dM[4vMu ~V pr[ a[4WYau4M`£xHJI4M¥a[4WYau4M`
a[d¨]dM[4vMWﬁXI4M q4`YavMWﬁ]4WYa[4 p >#`Zg6![4apr[?L/g|Xagr[.a[ XIdM gt`Zacta[p|\¶°X`Zp|Xacgt[
F
£
HJI4aW+!acAMpruXgpr[·ac[~XM`YMWXa[da[~XM`Zq4`YMXwpiXagr[grª	XI4M!p|u4u4acXZagt[4pr~XM`YL
a(t)
!I4avwI
prq4qsMpr`YMuka[ #gt`Ygtpr`YV¯{d£ëG£
UA]4q4qsgtWZMXIp|X\XIdM¤WYL¯prca[~§tMWYXZgt`Qvpr[gtdWZM`§tM[dMacXZI4M`!XIdM >#`Yg6![4a´pr[ L/g|Xagr[
B
[dgt`JXI4Mu4`Yacª¸X
µ
44]dX\gt[4°V¯XZI4MWYXgAvw¦ﬁq4`YavMqd`ZgAvMWYW
S
dXZIp|X\aW
Ht = σ(Ss, 0 ≤ s ≤ t)
2ÝGŁ :
aW+XZI4MJ¶cXZ`p|XZagt[rM[4M`p|XZMu¬~VXI4M!q4`YavMJq4`ZgAvMWZW
S
£+HJI4M[NXZI4M!bA]4pru4`piXav®§rp|`Za´piXagr[
q4`ZgAvMWZW!grª
S
aWJta°§tM[ ~V
< S, S >t=
∫ t
0
σ2sS
2
sds, 0 ≤ t ≤ T.
ñEò¹ÞñEó
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nËXJªEgtcg*!WXZIp|XJXZI4Mq4`ZgAvMWZW
(σt, 0 ≤ t ≤ T )
aW
Ht
µèpru4prqdXMukpr[4uXI^]4W
E[σ2(t)|Ht] = σ2(t).
HJI4MgtqdXacL¯p|<qsgt`YXYªEgtacgacª%acXM²GaWXW	L]dWYXJXIdM[kWp|XZaWYª¸Vﬀ2;WZMM #gr`Zgtc´pr`V¯{G£Ú:
pi∗(t)σ2(t) = E[(µ(t)− ρ(t))|Ht] + lim
h→0
1
h
E[
∫ t+h
t
σ(s)d−B(s)|Ht].
  	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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µ(t) = µ + bBT
 Mvgr[4WZacu4M`JXIdMvprWYM!I4M[ XZI4MudVA[prLNavWJg|ª%XZI4Mq4`ZacvMW\pr`YMtac§rM[k~V
dSt = St(µ + bBT )dt + σStd
−Bt
2Âr:
!I4M`YM
µ
pr[4u
b
pr`YMQ`ZMpr<[^]4L1M`ZW
σ > 0
£

MWY]4q4qsgtWZMLNgt`YMg6§tM`#XIpiX
ρ(t) = ρ =
vgt[4WYXpr[~X6£
©¼
 

 (&   ﬂ!  ﬃ
St
ﬂ 	 ﬂ  !+ﬂ   

  
Ht
 ﬂ 	ﬃ! #     

   !  !
ﬁ &  	
a(t)
 "! 3*!,     

 ﬂ=!   )	ﬃ! # 
a(t) ≡ lim
h→0+
1
h
E[σ(Bt+h − Bt)|Ht] =
σb(bBT t + σBt)
(b2T + 2bσ)t + σ2
.
2Â|{/:
	
 nº[~XMr`p|XZa[4¬Mb^]piXagr[ 2Ýt:³d#MgtdXpra[
St = S0 exp(µt + btBT −
1
2
σ2t + σBt).
#gt[4WZMb^]4M[~X°Vt
Ht = σ(µs−
1
2
σ2s + bsBT + σBs, 0 ≤ s ≤ t)
= σ(bsBT + σBs, 0 ≤ s ≤ t).
pr[4u
σE[Bt+h −Bt|Ht] = σE[Bt+h −Bt|bsBT + σBs, 0 ≤ s ≤ t).
#gt[4WZacu4M`JXZI4MªEgtcg*!ac[4q4pr`YXZacXacgt[
0 = s0 < s1 < . . . < sn = t
!acXZIﬁXaLNMa[~XZM`Y§|pr
∆ = si+1 − si
£
Þ¹Þ ÄBâCä+D
r   # & #.ﬃ ﬂ& 
	/  	+ﬂ(&  !

pr[4uu4M[dgrXM
Hnt
XIdM
σ
µèprctM4`ZptM[dM`piXMuk~V
{bsiBT + σBsi, i = 0 . . . n}
£
UAa[4vM
bsiBT + σBsi
acWp@8p|]4WZWYa´pr[ §tMvXZgt`XI4M¬vgt[4u4a°Xagr[pr¹M²Gq1MvXp|Xacgt[¥vpr[
1MM²Gq4`YMWYWZMu¡prW
σE[Bt+h−Bt|bsiBT +σBsi, i = 0, . . . n] =
n−1∑
i=0
αi(bBT (si+1−si)+σ(Bsi+1−Bsi))
!I4M`YMXI4Mvgt[4WYXpr[~X!vgAM¢NvacM[~XW
αi
Ip§rMXZgsMu4MXZM`ZLNa[dMuﬁ~V]4WYa[4XZI4Mvgt`Z`YM´p*µ
Xagr[4W%g|ªMprvwIXZM`YL !a°XI
bBT (sj+1−sj)+σ(Bsj+1−Bsj )
£  gta[4!XIdaW+vprv]4´piXagr[4W
gt[4MtMXZW
σbh∆ =
n−1∑
i=0,i6=j
αi(b
2T∆2 + 2bσ∆2) + αj(b
2T∆2 + 2bσ∆2 + σ2∆)
XIp|X!acW
σbh =
n−1∑
i=0,i6=j
αi(b
2T + 2bσ)∆ + αj(b
2T∆ + 2bσ∆ + σ2).
nº[ L/p|X`Ya°²/ªEgt`ZL XI4acWJtac§rMW
σbh1n×1 = ((bT + 2σ)bσ1n×n + σ
2In×n)α,
!I4M`YM
1a×b
udM[4grXZMW¬pkL¯p|XZ`Zaõ² grª!gt`Yu4M`
a × b
!acXZI prc©M[~X`ZacMW¤Mb^]pr©Xg
1

Ia×a
u4M[4g|XMW XI4M¤au4M[^XZacXºVkL/p|X`Ya°²kgrªfgr`Zu4M`
a × a
pr[4u
α = (α0, ..., αn−1)
T
£ >®Vkac[4Mp|`
vgtLda[p|XZagt[dWgrª¹XI4MWZMMb^]p|XZagt[dW!®MtMX
α0 = α1 = · · ·αn−1 ≡ α
σbh = α(b2T + 2bσ)∆(n− 1) + α(b2T∆ + 2bσ∆ + σ2)
!I4avwIktac§rMW
α =
σbh
(b2T + 2bσ)∆n + σ2
.

MXI^]4W!tMX
σE[Bt+h − Bt|Hnt ] =
σbh
(b2T + 2bσ)∆n + σ2
(bBT n∆ + σBt).
ñEò¹ÞñEó
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UGa[4vM
n∆ = t
XZI4Mpr1g6§rMM³²Gq4`ZMWZWZacgt[acWJa[4udMqsM[4u4M[~XQgrª
n
pr[4u
σE[Bt+h −Bt|Ht] =
σbh
(b2T + 2bσ)t + σ2
(bBT t + σBt).
2Âi :
#gt[4WZMb^]4M[~X°V
a(t) = lim
h→0+
1
h
σE[Bt+h − Bt|Ht] =
σb
(b2T + 2bσ)t + σ2
(bBT t + σBt).2
2Ýtz:
O grXZMXIp|X#XI4acWJaWJpr[M³²4p|L/q4cMQ!I4M`ZM
a(t) 6= 0
£çm	]d`YXIdM`ZLNgt`YMr4p|W
Ht = σ(bsBT +
σBs, 0 ≤ s ≤ t)
+XZI4M¯WYL¯prcça[~§tMWYXgr`vp|[ [4grX¤u4Mvgt]4q4cMﬁpk¶G²q4pr`YXgrªXIdM¯[4graWZM
2
BT
:gt]dX¤grª®XI4MNgt4WYM`Y§rMu
BT + σBs

s ≤ t
£ >#]dXprW
s → T
XI4M  udMvgr]4q4ac[4 
1MvgtLNMW MprWYaM`£HJI4acWQaW a[kXI4MWYq4a`YacX\grª©p¯vgt[~Xac[A]dgt]4W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E[BT |Hs] =
(bT + σ)
(b2T + 2bσ)s + σ2
(bBT s + σBs).
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
Mfqd`ZgAvMMup|W1MªEgt`ZM|£ MX
0 = s0 < s1 < . . . sn = t
p|[4u
∆ = si+1−si
£
E(BT |Hnt ) = E(BT |bsiBT + σBsi, 0 ≤ i ≤ n)
=
n−1∑
i=0
αi(bBT ∆ + σ(Bsi+1 −Bsi)).
>®VﬁvgrL/q4]GXa[dXI4Mvgr`Z`ZM´p|XZagt[!a°XI
bBT ∆ + σ(Bsj+1 − Bsj)
®MrMX
bT∆ + σ∆ =
n−1∑
i=0,i6=j
αi(b
2∆2T + 2σb∆2) + αj(b
2∆2T + 2σb∆2 + σ2∆).
nº[ L/p|X`Ya°²/ªEgt`ZL XI4acWJMpru4WXg
(bT + σ)1n×1 = ((bT + 2σ)b∆1n×n + σ
2In×n)α.
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α0 = α1 = · · ·αn−1 ≡ α
α =
bT + σ
(b2T + 2bσ)t + σ2
.
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b ≥ 0
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pi∗(t) =
E [µ(t)− ρ|Ht]
σ2
+
b(bBT t + σBt)
σ((b2T + 2bσ)t + σ2)
2Âr}:
 ")  ), #! #.!  # 	 ! ﬂ
pi∗(t) =
µ− E [ρ|Ht]
σ2
+
b(bBT t + σBt)(bT + σ + σ
−1)
σ2((b2T + 2bσ)t + σ2)
.
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J(pi∗) =
(µ− ρ)2T
2σ2
+
1
2γ
(1− γ ln(1 +
1
γ
))
2Ýr/:
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 !ﬃ$ﬃ! ﬂ!
γ ≡
σ2
bT (bT + 2σ)
.
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ρ(t)
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pi∗(t) =
µ− E [ρ(t)|Ht]
σ2
+
b(bBT t + σBt)(bT + σ + σ
−1)
σ2((b2T + 2bσ)t + σ2)
,
J(pi∗) =
1
2σ2
E
[∫ T
0
E[µ(s)− ρ(s)|Hs]2ds
]
−
1
σ
∫ T
0
E [Ds+E[ρ(s)|Hs]] ds
+
(
bT
σ
+
3
2
) (
(bT )2γ
σ2
) (
1− γ ln(1 +
1
γ
)
)
,
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ρ(t)
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pi∗ ∈ AH
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vwI4Mvw¦¡XZIp|XXIdM·vpr[4udaup|XZM
pi∗
tac§rM[ ~V 2Ât}:\aWac[4u4MMup|[ grqdXacL¯pr¹qsgt`YXYªEgtacg4s®M
Ip§tMçXg\q4`Zg6§tMçXI4p|X
Mpi∗(t)
aW¹p
H
µËL¯p|`YXac[4~prcM 2EvwI4Mvw¦^ac[4QXI4p|X
pi∗ ∈ AH
acW¹WX`ZpratI~Xµ
ªEgt`Y#pr`Zu :£çef]4rta[42Ýt}:#a[~XZg 2Ý}:G#MtMX
Mpi∗(t) = E
[∫ t
0
(µ(s)− ρ(s)− E(µ(s)− ρ(s)|Hs))ds|Ht
]
−E
[∫ t
0
σb(bBT s + σBs)((b
2T + 2bσ)s + σ2)−1ds|Ht
]
+ σE[Bt|Ht]
≡ M1pi∗(t) + M
2
pi∗(t) + M
3
pi∗(t).
MX
u < t
£  Mp|[^X!XZgNqd`Zg6§tM
E[Mpi∗(t)−Mpi∗(u)|Hu] = 0.
m%a`ZWXd®MWZI4g6 XZIp|X
M1pi∗
WZp|XacWY¶MW!XZI4ML¯p|`YXac[4~prcMQq4`YgtqsM`YXºVr£©m	gr`
u < t

E[M1pi∗(t)−M
1
pi∗(u)|Hu] = E
[
E
[∫ t
0
(µ(s)− ρ(s)− E(µ(s)− ρ(s)|Hs))ds|Ht
]
|Hu
]
−E
[∫ u
0
(µ(s)− ρ(s)− E(µ(s)− ρ(s)|Hs))ds|Hu
]
= E
[
E
[∫ u
0
(µ(s)− ρ(s)− E(µ(s)− ρ(s)|Hs))ds|Ht
]
|Hu
]
+
∫ t
u
(E[µ(s)− ρ(s)|Hu]− E[µ(s)− ρ(s)|Hu]) ds
−
∫ u
0
(E[µ(s)− ρ(s)|Hu]− E[µ(s)− ρ(s)|Hu]) ds
= 0
O\M²AXJ®Mq4`Zg6§tMXZIp|X
M2pi∗ + M
3
pi∗
aW#p
H
L¯pr`Xac[4~prcMr£

MI4p6§rM]4WZac[4 MLNL¯p|W
d£cŁpr[du d£ëG
−E[M2pi∗(t)−M
2
pi∗(u)|Hu] = E
[
E
[∫ t
u
σb(bBT s + σBs)((b
2T + 2bσ)s + σ2)−1ds|Ht
]
|Hu
]
= E
[∫ t
u
σb(bBT s + σBs)((b
2T + 2bσ)s + σ2)−1ds|Hu
]
pr[4u
E[M3pi∗(t)−M
3
pi∗(u)|Hu] = σE [E(Bt|Ht)−Bu|Hu] = σE[Bt −Bu|Hu].
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u = t0 < t1 < . . . < tn = t
sM p¥qpr`Xa°Xagr[ grª
[u, t]
!acXI XacL/Mﬁac[~XM`§|pr
∆ = si+1 − si
£  MI4p6§rM
σE[Bt − Bu|Hu] = σE[
∑n−1
i=0 (Bti+1 −Bti)|Hu]
= σ
∑n−1
i=0 E[Bti+1 − Bti |Hu]
= σ
∑n−1
i=0 E[E(Bti+1 − Bti |Hti)|Hu]
= σ
∑n−1
i=0 E[b∆(bBT ti + σBti)((b
2T + 2bσ)ti + σ
2)−1|Hu]
2Ý{r/:
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	pr[4uﬁXI4acW!´prWXJM²Gq4`YMWZWYagt[ vgt[~§rM`ZrMW XZg
E
[∫ t
u
σb(bBT s + σBs)((b
2T + 2bσ)s + σ2)−1ds|Hu
]
!I4M[
n →∞
£ #gt[dWZMb^]4M[~XcV
E[M2pi∗(t) + M
3
pi∗(t)−M
2
pi∗(u)−M
3
pi∗(u)|Hu] = 0
pr[4u
Mpi∗
aW!p
H
µ©L¯p|`YXac[4~prcMr£

M¬vgtLNq4]dXZM·[4g6 XIdM¬§|prc]4MªE]4[4vXacgt[­£

M·]4WYM2Ł*}: XZgttMXI4M`!a°XI Mb^]p|acXZaMW
2Âr{/:p|[4u 2Â /:£

MIp§tM
−
1
2σ2
E
∫ T
0
a(s)2ds =−
b2
2
∫ T
0
1
((b2T + 2σb)s + σ2)2
E
(
b2s2B2T + σ
2B2s + 2bσsBsBT
)
ds
=−
b2
2
∫ T
0
b2s2T + σ2s + 2bσs2
((b2T + 2σb)s + σ2)2
ds
=−
b2
2
∫ T
0
s
(b2T + 2bσ)s + σ2
ds.
R gt`ZMg6§tM`!®MI4p6§rM
Ds+E[BT |Hs] =
(bT + σ)bs
(b2T + 2bσ)s + σ2
Ds+a(s) =
σb2s
(b2T + 2bσ)s + σ2
ñEò¹ÞñEó
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WZg¬XIp|X
Ds+
[
E[µ(s)− ρ|Hs] + a(s)
σ
]
=
1
σ
(
b2s(bT + σ)
(b2T + 2σb)s + σ2
+
σb2s
(b2T + 2σb)s + σ2
)
=
b2s(bT + 2σ)
σ((b2T + 2σb)s + σ2)
.
 MXI^]4W!tMX
J(pi∗) =
1
2σ2
E
∫ T
0
E[µ(s)− ρ|Hs]2ds−
b2
2
∫ T
0
s
(b2T + 2bσ)s + σ2
ds
+
b2
σ
(bT + 2σ)
∫ T
0
s
(b2T + 2bσ)s + σ2
ds
=
1
2σ2
E
∫ T
0
E[µ(s)− ρ|Hs]2ds + b2(
bT
σ
+
3
2
)
∫ T
0
s
(b2T + 2bσ)s + σ2
ds.

M[4g6 ]4WYMXZIp|X
b ≥ 0
pr[duk~Vac[^XZMt`Zp|Xacgt[¯®M¤I4p6§rM
∫ T
0
s
(b2T + 2bσ)s + σ2
ds =
T
b2T + 2bσ
(
1−
σ2
(b2T + 2bσ)T
ln(1 +
b2T + 2bσ
σ2
T )
)
!I4avwIkvpr[ prcWZg·sM!`YacXYXM[kprW
T 2γ
σ2
(1− γ ln(1 +
1
γ
))
!I4avwI¬aWfqsgtWYacXa°§tM|£fUGacL/ac´pr`YcVt*gt[dM\vgtLNq4]dXMW b2
2σ2
∫ T
0
E[E[BT |Hs]2]ds
£

MJXZIA]dW©rMX
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γ → +∞
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b → 0
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lim
b→0
J(pi∗) =
(µ− ρ)2T
2σ2
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lim
b→∞
J(pi∗) = +∞
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b ≥ 0
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µ(t) = µ + bBT
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E[Bt+h − Bt −
b(bBT t + σBt)
(b2T + 2bσ)t + σ2
h|Ht] = 0.

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E[Bt −
∫ t
0
b(bBT u + σBu)
(b2T + 2bσ)u + σ2
du|Hs] = E[Bs −
∫ s
0
b(bBT u + σBu)
(b2T + 2bσ)u + σ2
du|Hs]
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B˜t ≡ E[Bt|Ht]−
∫ t
0
b(bBT u + σBs)
(b2T + 2bσ)u + σ2
du = E[Bt|Ht]−
1
σ
∫ t
0
a(u)du
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Ht
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E[µ(t)|Ht]
  # &" ﬂ " ﬂ  # )+! 
   "!
ﬂ
dS˜t = E[µ(t)|Ht]S˜tdt + σS˜tdB˜t,
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J0(pi
∗
0) = max
pi∈H
J0(pi)
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J0(pi) = E(ln(X˜(T )))
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dX˜(t) = X˜(t)
[
(E[µ(t)|Ht]− ρ)pi(t)dt + pi(t)σdB˜(t)
]
X˜(0) = x > 0.
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pi∗0(t) =
E[µ(t)− ρ|Ht]
σ2
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J0(pi
∗
0) =
1
2σ2
∫ T
0
E[E[µ(s)− ρ|Hs]2]ds
=
1
2σ2
∫ T
0
E[µ− ρ +
b(bT + σ)
(b2T + 2bσ)s + σ2
(bBT s + σBs)]
2ds
=
(µ− ρ)2T
2σ2
+
(bT + σ)2
2(bT + 2σ)2γ
(1− γ ln(1 +
1
γ
))
< J(pi∗)
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J(pi∗0)−J0(pi
∗
0) =
σ(bT+σ)
(bT+2σ)2γ
(1−γ ln(1+ 1
γ
))
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J(pi∗) − J(pi∗0) =
σ2
2(bT+2σ)2γ
(1 − γ ln(1 + 1
γ
))
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µ(t) = µ + bX, X ∈ FT
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µ(t) =
µ + bX
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dSt = St(µ + bX)dt + σStd
−Bt
!I4M`YM
µ
pr[du
b
p|`ZMJ`ZMpr4[^]4LsM`YW
σ > 0
£%nº[NXZI4aWfWYMvXagr[N`Zp|XIdM`fXIp|[N]dWZa[duda`ZMvX
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a(t)
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a(t) ≡ lim
h→0+
1
h
E[σ(Bt+h −Bt)|Ht] = σE[
∫ T
t
DvXDtX∫ T
t
(DrX)2dr
δBv|Ht],
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0 = s0 < s1 < . . . < sn = t
!acXZIﬁXaLNMa[~XZM`Y§|pr
∆ = si+1 − si
£
pr[4uNu4M[4g|XM
Hnt
XI4M
σ
µºprtM4`ptM[4M`Zp|XMu/~V
{bsiX +σBsi, i = 0 . . . n}
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f
E[Bt+h −Bt|bsiX + σBsi , i = 0, . . . n]
= E[(Bt+h −Bt)f(bX(sn − sn−1) + σ(Bsn − Bsn−1), . . . , bXs1 + σBs1)].
QM[4g|XM
Z = (bX(sn − sn−1) + σ(Bsn −Bsn−1), . . . , bXs1 + σBs1).
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E[(Bt+h − Bt)f(Z)] = E[
∫ t+h
t
n∑
i=1
∂f
∂xi
(Z)b(si − si−1)DuXdu]
=
∫ t+h
t
E[
n∑
i=1
∂f
∂xi
(Z)b(si − si−1)DuX]du.
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α2 > α1 ≥ t∫ α2
α1
DvXDvf(Z)dv =
n∑
i=1
∂f
∂xi
(Z)b(si − si−1)
∫ α2
α1
(DvX)
2dv.
R ]4cXZaq4°VAa[4sgrXZIkWYau4MW!^V DuX∫ α2
α1
(DuX)2du
4®MtMX
E
∫ α2
α1
DvXDuX∫ α2
α1
(DrX)2dr
Dvf(Z)dv = E
n∑
i=1
∂f
∂xi
(Z)b(si − si−1)DuX.
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ac[kRprca´p§Aa[vprv]4]dWJaLNq4acMW®XZIp|X
E
∫ α2
α1
DvXDuX∫ α2
α1
(DvX)2dv
Dvf(Z)dv = E
[
f(Z)
∫ α2
α1
DvXDuX∫ α2
α1
(DvX)2dv
δBv
]
.
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E((Bt+h −Bt)f(Z)) =
∫ t+h
t
E
[
f(Z)
∫ α2
α1
DvXDuXR α2
α1
(DvX)2dv
δBv
]
du
=
∫ t+h
t
E
[
f(Z)E[
∫ α2
α1
DvXDuXR α2
α1
(DvX)2dv
δBv|Hu]
]
du
WZa[dvM
f(Z)
aW
Ht
µËL/MprWZ]4`Zpr4cMr£
HJIdM¤q4`YgGvMWYW
B˜t ≡ E[Bt|Ht]−
∫ t
0
E
[∫ α2
α1
DvXDuX∫ α2
α1
(DvX)2dv
δBv|Hu
]
du
aW¤p
H
µºL/pr`YXZa[4tprM|£

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t ≤ α1 < α2 ≤ T
lim
h→0+
1
h
E[Bt+h −Bt|Ht] = E[
∫ α2
α1
DvXDtX∫ α2
α1
(DvX)2dv
δBv|Ht].
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α1 = t
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α2 = T
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E[BT−Bt
T−t
|Ht]
 ")  ), #! #.!  # !ﬀﬂ
E[
BT −Bt
T − t
|Ht] = (T − t)
−1((1 +
bt
σ
)E[BT |Ht]−
1
σ
E[σBt + btBT |Ht]).
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σBt + btBT
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E[
BT − Bt
T − t
|Ht] = (T − t)
−1((1 +
bt
σ
)
(bT + σ)
(b2T + 2bσ)t + σ2
(bBT t + σBt)−
1
σ
(σBt + btBT ))
= (T − t)−1(σBt + btBT )
(σ + bt)(bT + σ)− (b2T + 2bσ)t− σ2
σ((b2T + 2bσ)t + σ2)
=
b(σBt + btBT )
(b2T + 2bσ)t + σ2)
.
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